We show that the electroweak Z−string can be stabilized by the presence of bound states of a complex scalar field. We argue that fermions coupled to the scalar field of the string can also make the string stable and discuss the physical case where the string is coupled to quarks and leptons. This stabilization mechanism is expected to work for other embedded defects and also for unstable solutions such as the sphaleron.
It is now known that vortex solutions 1 may be embedded in almost any field theoretic model that exhibits spontaneous symmetry breaking 2 . In particular, two distinct vortex solutions are known to be embedded in the standard electroweak model 2, 3, 4, 5 . These are called the τ −string and the Z−string in the literature. The τ −string is conjectured to be unstable for all values of the parameters while the Z−string has been shown to be stable only for sin 2 θ W ≈ 1. The Z−string in the standard electroweak model with sin 2 θ W = 0.23 is unstable 6 and remains so even at high temperatures such as would be present in the early universe 7 .
If the string solutions are indeed unstable under all circumstances, their relevance to physical processes would probably be negligible. However, in this letter we shall show that the strings can be stabilized by the presence of other scalar or fermionic fields in the theory.
The idea behind this result is quite simple to understand, especially if one is aware of the reason that permits the existence of non-topological solitons 8 . Suppose that we have a theory in which the Higgs mechanism is responsible for generating the mass of a certain scalar. Then, after the symmetry breaking, the Higgs field gives the scalar a mass but the back-reaction of the scalar field on the Higgs field is to try and prevent the Higgs field from acquiring its vacuum-expectation-value (vev). In other words, the scalar would rather live in a region where the Higgs field vanishes since the mass of the scalar field is zero wherever the Higgs field is zero. But the center of the string is precisely a region where the Higgs field vanishes. Therefore the scalar likes to accumulate on the string and tends to maintain the string configuration with its region of vanishing Higgs field -that is, the scalar adds to the stability of the configuration. Yet another way of stating this idea is that the string is a "bag" in which the scalar prefers to sit and, hence, hold together.
In what follows, we shall only consider the case of a scalar field interacting with the electroweak Z−string. To start with, we shall describe the effect of scalar bound states on semilocal strings 9 where it is fairly clear that the stability improves due to the bound state. This in itself shows that the electroweak Z−string will become more stable when it has scalar bound states since, after all, the Z−string is nothing but the semilocal string when sin 2 θ W = 1. However, we go further and explicitly examine the case of the Z−string with a scalar bound state. Our results suggest that it may be possible to get stable Z−strings even when sin 2 θ W = 0.23.
This does not immediately imply that stable Z−strings occur in the standard electroweak model since there is no extra scalar field in this model. However, the standard model does contain leptons and quarks which will also have bound states on the string.
We expect the arguments of the previous paragraphs to apply in this case too since, once again, it is favorable for the fermion to sit in the string "bag" and to prevent the bag from decaying. Whether the lepton and quark bound states are sufficient to stabilize the Z-string is another story that needs detailed investigation. We hope to undertake this task in the near future.
The Lagrangian that yields semilocal string solutions with an additional complex scalar field is:
where,
The field φ is a global SU (2) doublet carrying a gauged U (1) charge, while χ is a single complex field. The covariant derivative is defined by,
There are two approaches to finding solutions that describe a string with a non-trivial χ configuration. The first is that, for the negative sign in (2) and for some values of the parameters, the string configuration together with χ = 0 is unstable, and the stable ground state solution is one that has a non-trivial χ condensate on the string 10 . It may be speculated that the presence of a condensate 11 might improve the stability of the string.
Indeed we have checked that there is an improvement in string stability due to a condensate but the improvement is only marginal and is certainly not enough to stabilize the string when sin 2 θ W = 0.23. The second approach is to consider the string in the presence of χ particles -that is, the string with χ bound states. The χ particles carry a conserved U (1) global charge which is derived from the conserved current
Hence, we consider a string in the presence of a certain amount of global U (1) charge.
This, together with cylindrical symmetry, leads to the following ansatz for χ:
where r is the cylindrical radial coordinate. The charge per unit length along the z−direction in this configuration is:
We will look at solutions of the equations of motion following from (1) that consist of a semilocal string and a fixed amount of U (1) charge. In accordance with the usual ansatz for the semilocal string 9 , we take,
It is now convenient to rescale the fields and coordinates to make them dimensionless:
Then the equations of motion are:
where primes denote derivatives with respect to R. The parameters entering these equations are defined by:
Here m H , m Z and m χ denote the masses of the φ, Z and χ particles respectively. In addition to the equations (9), (10) and (11), we also have the constraint that the rescaled (dimensionless) charge is some fixed non-zero constant. Therefore,
The boundary conditions on P , V and w are: remain zero, the semilocal string would be identical to the Nielsen-Olesen string which we know to be topologically stable even in the presence of other fields. Hence, it is sufficient to examine perturbations in φ 1 -the rescaled upper component of φ. Furthermore, it is sufficient to consider φ 1 to be real and a function of the radial coordinate alone 6,13 .
The energy variation due to the perturbation φ 1 is:
It is immediately obvious that the presence of a bound state improves the stability of the semilocal string since the contribution to M 2 coming from w is always positive. In the absence of a bound state, we know that the semilocal string is stable only for 13, 14 0 ≤ β ≤ 1. Hence, a bound state on the semilocal string will stabilize the string for values of β larger than 1. A quantitative statement about the stability of the "bound semilocal string", however, requires a numerical analysis since the bound state will also back-react on the unperturbed string configuration. Here, since we are primarily interested in the electroweak string, we simply remark that our numerical analysis confirms that the semilocal string can be stabilized for β > 1 if we include a suitable bound state on the string.
The electroweak string will have the same field configuration as the semilocal string, with all the gauge fields except the Z set to zero. To analyze its stability, we use the results of Ref. 6 , where it is shown that the stability issue reduces to asking if there are any negative eigenvalues (Ω) to the Schrödinger equation:
The boundary conditions on ζ are: ζ(0) = 1, ζ ′ (0) = 0 and ζ(∞) = 0.
We have first found the unperturbed configuration using (9), (10) and (11) that the instability is peculiar to our toy model and would be absent in the physically realized model. This is because χ and φ, being spin 0 fields, lead to an attractive force between the χ charges, so that the unperturbed linear distribution of charge on the string is unstable to clumping up into spherical distributions. In the physical model, however, there are gauge fields (spin 1) present in the theory which would lead to repulsive forces between the bound charges and would prevent the clumping instability 15 .
The most pertinent question at this juncture is if the standard electroweak model also admits stable bound electroweak strings. In this case one needs to look at fermionic bound states with the standard number of quarks and leptons and with the experimentally determined parameters. The physical argument -in which we view the string as a bagapplies to fermions also and so fermionic bound states will also improve the stability of electroweak strings. One difference with the bosonic case is that fermions obey the Pauli exclusion principle and so every additional fermion that we put in the string bag must occupy a different quantum state. This makes it somewhat less energy efficient to pack fermions onto the string 16 .
There are some additional (technical) difficulties in investigating the bound Z−string in a realistic setting. The first such difficulty is that the quarks and leptons carry electromagnetic charge and the electromagnetic field of the bound state must also be taken into account in the stability analysis. A second difficulty is that the stability analysis must necessarily include the neutrinos since these couple to the perturbations of the Higgs field.
Both these difficulties promise to make the realistic stability analysis an Herculean task.
The stabilizing effect of bound states would be felt by other embedded defects as well 17 . In particular, one may ask if bound states can stabilize the electroweak τ −string.
It would also be of some interest to study the effects of bound states on embedded monopole configurations 2 . Given the rather general stability analyses of monopoles 18, 19 , it would be worthwhile to see how bound states can fail to stabilize the embedded monopole. Another unstable configuration that might be stabilized by the presence of bound states is the sphaleron 5 .
Finally we would like to make one more comment that is relevant for cosmology and the observational prospects for electroweak defects. A loop of electroweak string has two distinct instabilities: the first is the field-theoretic instability that we have discussed above and the second is a dynamical instability against collapse. In this letter we have argued that the presence of bound states on the string can protect the string against the field-theoretic instability. These bound states also add to the energy density of the string without correspondingly adding to the pressure. This implies that the dynamics of bound strings should be similar to that of wiggly strings 20 or to current carrying superconducting strings -depending on the nature of the charge on the string. It is also known from previous work that currents 10 on the string can protect the loop against dynamical collapse 21, 22, 23, 24 .
These facts together suggest the possibility that there are stable, static ring configurations (also, vortons 22 ) in the standard electroweak model. If the sphaleron is also stabilized by bound states, it would imply additional particle-like solutions in the model.
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